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ABSTRACT Microphase separation in comblike copolymers, in which the backbone is of one monomeric 
species and the teeth are of another species, is discussed. Within the random phase approximation of Leibler, 
we calculate the spinodal transition curve (xZV), as a function of compositional fraction f of backbone monomers. 
The comb is assumed to have either evenly spaced grafting points or randomly placed grafting points. The 
evenly spaced copolymers have teeth symmetrically or asymmetrically placed on the backbone. In the evenly 
spaced copolymer melt, as the number of teeth (4 is increased in the comb, the spinodal curve changes 
toward a fiied form. The spinodal curves approach the large-% form as a function of % from significantly 
different directions depending on the symmetry. This difference led us to consider the consequence of 
random placement of the teeth. The copolymer melt with randomly placed teeth approaches a significantly 
different spinodal curve in the limit of large %. More importantly, the scaling of the instability wave vector 
in the limit of large % changes from the expected q* - (nJN)l12 to q* - (%l14/W2). These results call into 
question the assumption of well-ordered comb copolymers as a basis for computing detailed properties of 
melts. 

I. Introduction 
The behavior of diblock copolymers has sparked con- 

siderable interest and has been the subject of numerous 
experimental and theoretical investigations. The reason 
for this interest arises from the fact that diblocks can be 
composed of two incompatible polymers. When the 
repulsion between these fragments is sufficiently high, 
the melt will attempt to undergo phase separation; 
however, since the incompatible blocks are chemically 
linked, the system can only exhibit microphase separation. 
This type of microphase separation can occur in other 
chain morphologies that contain incompatible segments. 
Of particular interest is determining the phase behavior 
of comb copolymers, macromolecules that contain a 
backbone and "teeth" or "branches" that emanate from 
the backbone. This task is particularly important since 
commercially synthesized copolymers frequently display 
some degree of branching. To make effective predictions 
concerning the behavior of these melts, the presence of 
the branches must be taken into account. Furthermore, 
since there are more junction points in a comb than a 
diblock, investigations into the properties of combs may 
reveal novel phase behavior. 

In this paper, we use a mean-field theory of the type 
developed by Leiblerl (and generalized by Ohta and 
Kawasaki2) to examine the phase behavior of a melt of AB 
comb copolymers, where the backbones are composed of 
a flexible A segment and the flexible teeth are composed 
of B monomers. In this study, we only consider the stability 
of the homogeneous phase relative to the microphase- 
separated state. In particular, we calculate the spinodal 
curve in terms of the normalized Flory-Huggins parameter 
xN, the relative AB composition, and nt, the number of 
teeth in the comb. 

In previous studies, Olvera de la Cruz and Sanchez3 
determined the spinodal for a melt of AB combs with a 
single tooth. Benoit and Hadziioannou4 calculated this 
curve for a melt of uniform combs in which the teeth are 
spaced at  regular intervals along the length of the 
backbone. These teeth, however, were not centered about 
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the midpoint of the backbone but were placed in an 
asymmetric pattern, as shown schematically in Figure 1A. 
To initiate our studies, we considered a melt of uniform 
combs in which the teeth are symmetrically placed dong 
the backbone, as shown in Figure 1B. As we demonstrate 
below, this simple deviation in architecture yields pro- 
nounced changes in the phase behavior for modest numbers 
of teeth. 

These findings lead us to consider the effect of "archi- 
tectural dispersity". That is, we consider a melt of combs 
in which the copolymers are not idenical and the teeth are 
randomly distributed along the length of the backbone 
(see Figure 1C). We emphasize that we consider the case 
withmonodisperse length teeth and backbones. The only 
difference from polymer to polymer in the melt is in the 
placement of the teeth on the backbone. When compared 
to the melt of uniform chains with regularly spaced teeth, 
such architectural disperaity leads to significantly different 
phase behavior. Since actual melts more closely resemble 
this architecturally disperse case, our findings can provide 
insight into the behavior of systems of experimental 
interest. 

11. Theoretical Approach 
In this short paper, we will only be concerned with the 

boundary of the thermodynamic instability of the homo- 
geneous phase to a microphase-separated phase. This 
transition is quite generally preempted by a fiist-order 
transition. However, a full mean-field calculation of the 
first-order transition and region of metastability would 
require the computation of a t  least the fourth-order terms 
in the coarse-grained free energy. 

If we restrict our attention to the spinodal instability, 
we need only concentrate on the second-order term, which 
is a great simplification. Calculation of higher order terms 
would also be necessary in studying the possible equilib- 
rium morphologies of the microphase-separated domains, 
a t  least in the weak-segregation regime. We reserve this 
for later study. Finally, we only consider mean-field theory 
and expect that a more detailed calculation involving 
fluctuations about mean-field theorqP7 will exhibit in- 
teresting corrections. 

We assume that the length in monomer units of the A 
backbone chain is NA. The length of each B tooth is NB, 
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to the attachment points of the other teeth. The nearest 
and next-nearest pair of teeth are attached MI2 and 
(2M)lJ2 away from the given tooth. Likewise, the nth pair, 
which we assume is a t  a radius of gyration away from the 
given tooth, obeys (nM)lJ2 - Nt1J2. Hence, the number 
of teeth overlapping the attachment point of a given tooth 
is given by n - NJM. 

The contribution to the monomer density by the nearest 
pair of teeth about a given tooth is roughly 2/MJ2. The 
next pair contributes roughly 2/(2M)lJ2 and so on. Thus 
pother - 2Cf4/1M[1/(nM)1/21. One can estimate the sum to 
be 4Nt1J2/M. Thus the monomer density in the vicinity 
of a given tooth is p - 3/Nt1J2 + 4Nt1J2/M. Hence, we can 
ensure p is sufficiently small if, say, 1 << NJ2 << M. Note 
that if a given comb copolymer does not obey this relation, 
one may “scale up” the polymer until it does obey the 
relation since the upper bound grows linearly with the 
intertooth distance but the middle part of the inequality 
grows as the square root of the tooth length. 

In the formulation of the random phase approximation 
(RPA) of Leibler’ or the equivalent field theoretic version 
of Ohta and Kawasaki: the connectivity of the system 
shows up only in the calculation of the Gaussian chain 
n-point connected correlation functions. The free energy 
of the system is calculated in terms of the monomer density 
of the A and B species, denoted by $A(r) and b(r), 
respectively. The system is assumed to be incompressible 
and $A@) + $B(r) = PO. We will later set po = 1. 

The RPA mean-field free energy is determined as a 
functional expressed in powers of a field variable $(r) = 
fB$A(r) - fA$B(r). The interaction between the monomers 
red.uces to 

I 

Figure 1. (A) Caricature of an asymmetric, evenly spaced comb 
copolymer with 3 teeth. The main chain consists of monomers 
of species A, and the chains comprising the teeth consist of species 
B. (B) Caricature of a symmetric comb copolymer with 3 teeth. 
(C) Caricature of a comb copolymer with4 randomly placed teeth. 

while the number of teeth is denoted by nt. We assume 
that the A and B monomers are of the same size. In the 
symmetric and asymmetric comb copolymers, we also 
assume that the placement of the teeth is ideal. This means 
that the distance between teeth is Ndnt,  and the distance 
from the beginning of the A chain to the first tooth is 
tNdnt,  with t = 0 in the asymmetric case and t = 112 in 
the symmetric case. Of course, any 0 I t I l/2 is possible, 
but we will concentrate on the two extreme examples. In 
the comb copolymer with randomly placed teeth, we will 
assume the same number of teeth nt in each copolymer 
but that the position of each tooth is random, with uniform 
probability of the tooth being attached anywhere on the 
backbone. In all cases, the total number of monomers in 
the polymer is N = NA + n&, while the relative fraction 
of A (backbone) monomers is f fA = NdN.  Likewise fB 
= 1 - fA. Finally, we define for future use fAt = fir/- and 

In the Hamiltonian for the system, the chains are 
assumed to be Gaussian when x, the Flory-Huggins 
interaction energy, equals zero. For a comb copolymer 
with closely spaced teeth, the assumption of Gaussian 
statistics, even at x = 0, may not be highly realistic. Such 
chains may be stretched relative to the Gaussian case, 
even in the homogeneous melt. For evenly spaced teeth, 
one can make a crude estimate of the applicability of 
Gaussian statistics. We will consider the linear size of 
monomers to be normalized to unity and estimate the 
monomer density due to a single Gaussian chain comb. If 
the monomer density p is sufficiently small, the teeth of 
a single polymer do not significantly interfere with each 
other, and the Gaussian assumption is reasonable. 

Briefly consider the average monomer density p~ within 
a region radius R about a fixed end point of a Gaussian 
chain. The number of monomers within the region is 
roughly N - R2. Hence p~ - N/R3 - 1/R. Now consider 
the junction point of a tooth and the backbone. We assume 
that the length of the tooth Nt is much less than the length 
of the backbone N b .  For R < Nt1l2, we would then have 
PR - 3/R, where we account for the tooth and the two 
stretches of backbone emmanating from the junction point. 
Near the junction point, it is possible for the density to 
be large. However, at the length scale of the tooth, p - 
3/Nt1I2. If Nt1f2 is sufficiently large, one expect this 
contribution to the density to be less than unity. 

Now we must account for the effect of the other teeth. 
Let M be the number of monomers between attachment 
points of teeth along the backbone. Consider a given tooth 
and the distance of its attachment point on the backbone 

fBt = fB/% 
apart from a constant, assuming a 6 function interaction 
between monomers on the chains. In the RPA, the free 
energy for a given $ configuration is calculated using a 
saddle point approximation.2 The resulting free energy 
is then expanded in powers of $. At the end, one is left 
to calculate S(q), where S-l(q) = I’2(q) is the two-point 
vertex function in the RPA free energy. If S(q) diverges 
for some IqI > 0, that is I’2 - 0, it signals a finite wavelength 
thermodynamic instability, a characteristic of microphase 
separation. 

Now, S(q) has the form 

where W(q) and T(q) are defined in terms of the two- 
point Gaussian chain correlation functions between A and 
B type monomers as follows: 

with the density-density correlation functions between 
monomers of type a and /3 given by SaB(q) = (&(-q) 
$p(q)>o. The (...)o represents averages over the nonin- 
teracting Gaussian chain Hamiltonian with connectivity 
constraints. 

The calculation of Sap(q) is based upon the integration 
over a subset of monomers of the intrapolymer monomer- 
monomer correlation function. Written in real space, this 
is 
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where n is the number of comb polymers in the system 
and c = n/ Vis the polymer number density. Also i indexes 
each polymer, j and j' indicate the subchain in a single 
polymer, where j E a denotes the restriction to subchains 
of monomer type a, and 7 is the monomeric coordinate 
along a subchain j .  

This, in turn, is simplified by realizing that the non- 
interacting flexible comb polymer behaves like a linear 
Gaussian chain segment between any two points on the 
polymer, irrespective of being on a tooth or backbone, 
since the chain is acyclic. We assume that monomer size 
is constant between the different species. We use the fact 
that the probability for ends of a Gaussian chain segment 
of M monomers to be at  r and r' is governed, as usual, by 

-3(r - r')' ( 2b'M ) P ( r , r ' M  0: exp (5 )  

where b is essentially the unit monomer length.8 Multi- 
point monomer correlation functions for the comb are more 
complex than in the linear copolymer case since, generally, 
arbitrary sets of monomers do not lie on a single line over 
the entire polymer. 

Using the above, one finds for the evenly spaced case 
that 

i# j 

where c E nlV = po/N is the polymer number density (PO 
is the monomeric density) and R2 = Nb2/6. In the following 
we let po = 1, which sets c = 1IN. Fortunately, the above 
expressions for Sab can be reduced to the following closed 
forms: 

The case with t = 0 was previously derived in ref 4 (see 
also ref 9). 

Returning to eq 2, we now wish to find the minimum 
x where T(q)  - 2x W(q) = 0 is satisfied for some q = q*. 
Fixing nt and f ~ ,  one notes that Sa@ scales as N, thus T(q) 
0: N and W(q) 0: W .  This implies that the relevant 
parameter is actually ( x N ) .  The spinodal condition can 
be written as 

The right-hand side is simply (2S(q*)/A9-1 at  x = 0. To 
find ( x N S  and q*, one finds the maximum of S(q)/N at 
x = 0. The value of q at the maximum is q*, and (xN8 
= N/BS(q*). 

In the case of the copolymer with randomly placedteeth, 
we must take into account the placement distribution of 
teeth. Here, we assume the simplest placement distri- 
bution. Each tooth is grafted onto the backbone a t  any 
point along the backbone with uniform probability. More 
realistic distributions should also be possible, along with 
varying the number of teeth on each polymer. However, 
we proceed with this simplest version of architectural 
dispersity. The basic difference between this case and 
the previous case is that the Gaussian chain correlation 
functions are averaged over an ensemble of copolymers 
with randomly placed teeth (see Appendix). SM(q) is 
unchanged, but the other correlation functions become 

J~1-BOd7SgfBtd7' exp(-q'R2(7+r')))1 (10) 

where gi represents the relative attachment point of the 
ith tooth on the backbone. The above equations reduce 
to 

With these equations, we can numerically determine the 
initial unstable wavelength and the spinodal curves. 

111. Results and Discussion 
In the following, we will redefine Q = qR', where R' = 

(b/6)(N/nt)1f2. With this definition, the wave vector Q is 
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Figure 2. Plot of (nJN)S(Q) as a function of Q at x = 0 for the 
symmetric, regularlyspacedcomb copolymer atfA = 0.2 for various 
%, which are labeled on the curves. 
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Figure 4. Plot of (nJN)S(Q) as a function of Q at x = 0 for the 
symmetric, regularly spaced comb copolymer &fA = 0.8 for various 
k, which are labeled on the curves. Note that for larger f ~ ,  S(Q) 
shows less variation in form with respect to fi than for smaller 
f A *  
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Figure 3. Plot of (nJN)S(Q) as a function of Q at x = 0 for the 
symmetric, regularly spacedcomb copolymer atfA = 0.5 for various 
nt, which are labeled on the curves. 

measured roughly in units of the (inverse) radius of 
gyration of a polymer the size of a single tooth with its 
share of backbone. We will view the data in terms of fixed 
N/nt while varying nt, the number of teeth. This will 
emphasize the change in the phase behavior when one 
adds a tooth of fixed size along with its share of backbone 
as a unit. In the comb with randomly placed teeth, one 
is comparing the effect on the phase behavior of changing 
nt, the number of teeth, but fixing NB and f A .  Thus the 
backbone increases in size linearly with nt. 

First we examine the behavior of SCQ) at  x = 0 of the 
symmetric combs with evenly spaced teeth. Figures 2-4 
show representative behavior of S(Q) for different values 
of nt for f~ = 0.2,0.5, and 0.8, respectively. Quite clearly, 
after about nt = 16, the S(Q) curves essentially reach an 
asymptotic, large-nt form. 

Figure 5 shows a plot of the spinodal curve, (xn?$nt 
versus f A ,  for the symmetric, evenly spaced comb copoly- 
mer. The normalization with respect to nt is chosen to 
account properly for the effect of changing the number of 
teeth, not simply increasing the polymer size. The main 
effect of increasing the number of teeth is to make the 
spinodal instability easier a t  small fA." It is clear that 
beyond nt = 16 the spinodal curves do not shift much, a t  
least in the region of 0.1 I f A  I 0.9. In fact, a t  large nt the 
curves appear to reach a limiting form. Note that the 
minimum x of the "limiting" spinodal curve is a t  about f A  
E= 0.42 in contrast to the minimum for the single-tooth 
case, which is a t  f A  = 0.47. This disparity due to the comb 
architecture is not as great as one might have expected. 

Figure 6 shows the instability wave vector Q* versus f A .  
In general, Q* is smaller a t  larger nt, although the actual 
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Figure 5. Plot of ( x N ) J f i  as a function of f ~ ,  the composition 
fraction of backbone "A" monomer. Note that the spinodal curve 
becomes more asymmetric about f~ = 0.5 as the number of teeth 
is increased. By -16 teeth, the spinodal curve is practically 
fixed to the same form as the 128-tooth curve. After the tooth 
length and f~ are fixed, the system more easily microphase 
separates as more teeth are added. 
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Figure 6. Plot of Q* as a function of f~ for fi = 1, 2,4,  8, and 
16. The number of teeth increases from the upper line to the 
lower line in the plot. Note that the minimum Q* is at f~ = 0.32 
for & = 16. As the number of teeth increases and f A  increases, 
the Q* plots nearly merge together. The dependence on Q is 
most clear at smaller f ~ .  

change is relatively small. The minimum Q* shifts from 
f A  = 0.34 for one tooth to f A  = 0.31 in the limit of large nt. 
In this figure, and that of the spinodal curve (Figure 5), 
the effect of varying nt is reduced at  larger values of f A .  

However, the behavior of the spinodal curves as a 
function of the number of teeth, nt, is quite different for 
the asymmetric case. As shown in Figure 7, only in the 
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Figure 7. Plot of (xN)Jnt as a function of fA for asymmetric and 
symmetric combs for nt = 1,2,4,8,16, and 128. Note that the 
two systems converge to the same form at large nt as expected. 
Also note that the approach to the large nt curve is different and 
the curves are distinguishable for modest %. 

large-nt limit do the asymmetric curves collapse onto the 
same curve as the symmetric case. The asymmetric case 
approaches the fiied large-& form in a completely different 
fashion from that of the symmetric comb. Oddly, for the 
asymmetric case, the minimum x actually rises as nt 
increases, although only very slightly. This convergence 
to a fixed form, independent of the asymmetry, is not 
surprising since a t  large &, only the small region near the 
ends of the backbone is different. However, the fact that 
asymmetry has a noticeable effect a t  all for modest nt 
suggests that random placement of teeth in a comb 
copolymer may produce important effects. To understand 
the difference in behavior for modest nt, consider the case 
of just one tooth, or = 1. In this example, we are clearly 
comparing the spinodal for a melt of diblocks (asymmetric 
case) with the spinodal for a melt of single-toothed combs 
(symmetric case). These copolymer melts clearly display 
different phase behaviors. 

As stated previously, we studied an extreme case of 
uniformly random placement on the backbone of a fixed 
number of teeth. For the system with randomly placed 
teeth, we find that the behavior of S(Q) is significantly 
different from that of the regularly spaced combs in that 
the S(Q) curves do not settle down quickly into a large-nt 
form. To help understand this behavior, we examine the 
nt - m limit of (nJN)S(Q) as a function of Q and f ~ ,  

lim -S(Q) = 
nt 

n p =  N 
(4f,2(e-@(1-f~) + ~ ~ ( 1 -  fA) - I )~/(I  - 2e-BZ(l-fA) + 

e-26*(1-fA) + (1 - ,-@(1-fd)Qzf + Q4f 
A A) (13) 

Figures 8-10 show SCQ) a t  x = 0 for the random comb 
system for f~ = 0.2,0.5, and 0.8, respectively. In contrast 
to the evenly spaced combs, the SCQ) curves do not settle 
down to the large-nt form very quickly. For f~ less than 
-0.5, it appears that SCQ) has a definite maximum a t  
finite Q in the large-% limit. Curiously, the SCQ) curve 
has significant amplitude even for Q < Q*. However, for 
f~ greater than -0.5 it appears that S(Q) has a maximum 
at  Q = 0 in the limit nt - m. Empirically rescaling the 
Q axis, as shown for f~ = 0.8 in Figure 11, by QntW reveals 
that the peaks of SCQ) appear to line up for large nt, 
although the S(Q) curves themselves continue to broaden. 
This suggests that above f~ * 0.5, the scaling of the 
characteristic wavelength with respect to r~ is altered. 

The effect of this dispersity on (xN)$& versus f~ is 
shown in Figure 12. As nt is increased, the minimum of 
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Q 
Figure 8. (ntlN)S(Q) as a function of Q at x = Ofor the randomly 
spaced comb copolymer at f~ = 0.2 for various nt. The curve 
labeled 'inf" is S(Q) in the limit nt - m. Note that in this limit 
S(Q) does have a maximum at fiiite Q. 
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Figure 9. ( d N ) S ( Q )  as a function of Q at x = 0 for the random 
comb copolymer at f A  = 0.5 for various nt. The maximum of SCQ) 
as nt - - is barely discernible. 
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Figure 10. ( d M S ( Q )  as a function of Q at x = 0 for the random 
comb copolymer at f~ = 0.8 for various nt. Note that in the limit 
nt - SCQ) does not have a maximum at Q > 0. 

spinodal curves shifts slightly toward smaller values. 
Clearly, the (xlv), curves for the randomly spaced comb 
copolymer are very different from those for the regularly 
spaced comb copolymer, although the minimum is located 
at  f~ slightly smaller than 0.5 as in the regular case. The 
xN curve does not settle quickly into a large-% form as 
in the regular comb case. 

To examine further the characteristic length scales in 
the random case, we plot Q*, the characteristic wave vector 
of the random comb, in Figure 13. As % is increased, the 
minimum Q* shifts to higher fA. In contrast to the regular 
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Figure 11. (nJn?S(Q) as a function of Qntllr at x = 0 for the 
random comb copolymer at f~ = 0.8 for various q. Under this 
rescaling, the peak of S(Q) appears to be at a nonzero value of 
Q in the limit of large &. This would suggest a qualitatively 
different microphase separation behavior than for the smaller f~ 
cases. 
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Figure 12. ( x N )  J& as a function of f A  for combs with randomly 
placed teeth versus the large-& form of the spinodal curve of the 
regularly spaced combs. Randomness lowers the minimum of 
the spinodal curve at large &. The large-& curves for the regular 
and random systems are very different. 
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Figure 13. Q* as a function of f~ for the comb copolymer with 
randomly placed teeth. 
comb system where the minimum Q* occurs a t  about f A  
= 0.31 in the large-% limit, the minimum for the random 
comb is a t  f A  > 0.7 even a t  nt = 16. Interestingly, the &* 
curve is no longer concave beyond % = 128. In Figure 14, 
we plot Q* as calculated from the limit nt - -. Clearly, 
there is a kind of "critical point" for Q* at  fA = fAc = 0.543. 

we expect that.Q* scales like %-'I4 as we demonstrated 
previously in Figure 11. We take this to indicate that 
there exist for f A  > fAc large (on the scale of a single tooth) 

For f A  5 fAc One finds that Q* - ( f ~ ~  - fA)'I2. For f A  > fAc 
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Figure 14. Q* as a function of f~ for the combs with randomly 
placed teeth and combs with regularly spaced teeth. The 
minimum point of the curves are at completely different f ~ .  
Further, the random combs at large &have a very small minimum 
Q*. The n, - m curve shows a clear singular behavior around 
f~ = fh = 0.543. The behavior is reminiscent of a kind of critical 
point, and Q* - ( j ~ ~  - fdo*so for f~ < f ~ ~ .  

relatively bare regions of backbone which microphase 
separate a t  lengths greater than the radius of gyration of 
a single-tooth unit. Rewriting this using the physical q, 
we see that this implies for f A  < fAc q* - ( n J h V f o r  large 
nt as expected. However, for f A  > fAc, q* - r$f4/IW2, 
which is not expected. 

We finish with a note concerning the possibility of a 
mean-field critical point. In general, to compute the 
existence of a critical point, one must also consider the 
third-order vertex function, r3.l It is generally noted that 
for architectures such as a diblock,' triblock, and star 
copolymerll for f - 0, I's(lq*l) < 0 and for f - 1, rs(lq*l) 
> 0. One may expect the same result to hold in the comb 
case because, in the limits indicated, the architecture is 
essentially the same as one of the above examples. This 
implies that a t  some f ,  between 0 and 1, I'3 = 0 assuming 
it is continuous in f. This further implies that a meah- 
field critical point exists at some fc. Without the symmetry 
of the diblock case, the exact fc  must be explicitly 
calculated. 
IV. Summary 

In this paper, we have investigated the effect of 
architecture on the phase behavior of copolymer combs. 
Even a simple adjustment of architecture from asymmetric 
to symmetric evenly spaced teeth causes a change in the 
form of the ( X N ) ~  as a function of fA, particularly a t  modest 
numbers of teeth. The two systems converge in behavior 
as % gets larger, as expected. 

However, when the tooth placement on the backbone 
is allowed to be random, the spinodal curve is significantly 
different from that of the evenly spaced cases. In addition, 
the behavior of the characteristic wavelength as a function 
of fA  is drastically different between the randomly and 
evenly spaced cases. One expects that more complete 
calculations, for example of third- and fourth-order terms 
in the free energy in the weak-segregation regime, would 
allow one to observe significant changes in the equilibrium 
morphology of the systems due to random placement of 
teeth. The essential point is that a correct description of 
architectural dispersity is important and can lead to 
significant changes in phase behavior from the ideal cases 
usually studied. This architectural dispersity is an ad- 
ditional issue to that of the effects of ordinary polydis- 
persity in the size of the polymers. 
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Appendix 
In general, to deal with quenched randomness, one must 

perform an average over the randomness after the free 
energy is computed for each given instance of the 
randomness. In our case the randomness involves the 
points where the teeth are attached to the backbone. 

Let gi represent a vector of nt elements (gilt gi2, ... gt9 .  
Each element gin obeys 0 I gim I 1 and denotes the relative 
position on the backbone of the mth tooth of the ith 
polymer. In general, there is some probability measure 
associated with gi which we will call pe In the simple 
picture we used in the paper 

91-07102). 

where cia is the uniform probability over the interval [0,11. 
However, nothing prevents the use of an alternative, 
perhaps more realistic, pe 

Let G represent the sequence (gl,g2, ..., gn), where n is 
the number of polymers in the system. In the thermo- 
dynamic limit, n - -=. There is also a measure induced 
for G itself: p(Gj = rIi&i). We must first calculate the 
free energy, or correlation function, for our system for a 
realization of G and then average over G. This amounts 
to 

where F[h,Gl is the free energy of the system for a given 
instance of G and h(q) is a field coupling linearly with $. 
In mean-field theory, we can evaluate in principle S(q;G). 
This gives us the usual 

However, 

where saB(q;gi) are the single-polymer correlation functions 
between monomers of type a and /3 for agiven architecture 
gi. Note that saa(q;gi) is a bounded function of gi. In the 
limit n - a, one can use the strong law of large numbed2 
and realize that with probability 1 with respect to the 
measure F that 

Sa&q;G) = Satw(q) I Sdr , (g )  sa&q;g) (18) 

We then arrive at  the averaging procedure used in this 
paper. 
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